Abstract-An exact solution is obtained for the electromagnetic field due to an electric current source near graphene located at the interface between two dielectrics. The field is obtained in terms of dyadic Green's functions represented as Sommerfeld integrals. The graphene is modeled as an infinitely-thin surface characterized by a surface conductance σ, which could be obtained via microscopic theory or measurement. The solution of plane-wave reflection and transmission is also presented, and surface wave propagation along graphene is studied via the poles of the Sommerfeld integrals. For isolated graphene characterized by complex surface conductance σ = σr + jσi, a proper TE surface wave exists if and only if σi > 0, and a proper TM surface wave exists for σi < 0.
I. INTRODUCTION
There is currently considerable interest in the fundamental properties and potential applications of nanoscopic and mesoscopic systems. Particularly important in emerging electronic and biomedical applications are carbon-based structures such as carbon nanotubes, which can be considered to be hollow cylinders with a two-dimensional surface characterized by a single atomic layer of carbon atoms (in the single-wall case). A planar atomic layer of carbon atoms bonded in a hexagonal structure is called graphene, which is the two-dimensional version of graphite; a single-wall carbon nanotube can be thought of as graphene rolled into a tube [1] .
Whereas carbon nanotubes have been experimentally studied for some time, only recently has it become possible to fabricate ultrathin graphite, consisting of only a few graphene layers [2] - [3] , and actual graphene [4] - [8] . In graphene, the energy-momentum relationship for conduction electrons is linear, rather then quadratic, so that electrons in graphene behave as massless relativistic particles (Dirac fermions) with an energy-independent velocity, leading to an anomalous quantum Hall effect [6] . Graphene's band structure, together with it's extreme thinness, leads to a pronounced electric field effect [5] , [9] , which is the variation of a material's carrier concentration by electrostatic gating. This is the governing principle behind traditional semiconductor device operation, and therefore this effect in graphene is particularly promising for the development of ultrathin carbon nanoelectronic devices. Although the electric field effect also occurs in atomically thin metal films, these tend to be thermodynamically unstable, and do not form continuous layers with good transport properties. In contrast, graphene is stable, and, like their cylindrical carbon nanotube versions, can exhibit ballistic transport over at least submicron distances [5] . Furthermore, it has been shown that graphene's conductance has a minimum, non-zero value associated with the conductance quantum, even when charge carrier concentrations vanish [6] .
In this work, the interaction of an electromagnetic current source and graphene is considered. The electromagnetic fields are governed by Maxwell's equations, and the graphene is modeled as an infinitely-thin surface characterized by a surface conductance, which, in general, must arise from a microscopic quantum-dynamical model, or from measurement. The method assumes a laterally infinite graphene surface residing at the interface between two dielectrics, in which case Maxwell's equations are solved exactly for an arbitrary electrical current (or equivalently, an arbitrarily electrical polarization). Related phenomena is also discussed, such as plane-wave reflection and transmission through graphene, and surface wave excitation and guidance, which is relevant to high-frequency electronic applications.
Although at this time only graphene samples with lateral dimensions on the order of tens of microns have been fabricated, the infinite sheet model provides a first step in analyzing electromagnetic properties of graphene. It is also relevant to finite-sized sheets having length and width L and W , respectively, for current sources a distance d above the surface, if d, λ ≪ L, W (where λ is the electromagnetic wavelength), and where the source is located sufficiently far from the graphene edges. When these conditions are violated, significant edge diffraction would be anticipated, and the finite dimensions of the surface should be accounted for. However, subject to the graphene surface being laterally infinite, the presented solution is exact. The precise determination of the surface conductance is beyond the scope of this paper, and here we consider some measured values, and an approximate relation arising from Boltzmann's transport equation. It is assumed that advances in both modeling and measurement will provide more precise surface conductance values in the near future. In the following all units are in the SI system, and the time variation (suppressed) is e jωt , where j is the imaginary unit. Figure 1 depicts laterally-infinite graphene lying in the x − z plane at the interface between two different mediums characterized by µ 1 , ε 1 for y ≥ 0 and µ 2 , ε 2 for y < 0, where all material parameters may be complex-valued. The graphene is modeled as infinitely-thin, and is characterized by a surface conductance σ (S).
II. FORMULATION OF THE MODEL
For any planarly layered, piecewise-constant medium, the electric and magnetic fields in region n due to an electric current can be obtained as [10] - [11] where ω is the radian frequency and k n = ω √ µ n ε n and π (n) (r) are the wavenumber and electric Hertzian potential in region n, respectively. Assuming that the current source is in region 1, then
where the underscore indicates a dyadic quantity, and where Ω is the support of the current. With y parallel to the interface normal, the principle Greens dyadic can be written in several different forms [10] 
where
, and where I is the unit dyadic. The three equivalent spectral forms (7)- (9) are presented for completeness, since the different forms are useful in different circumstances (e.g., (9) is particularly useful for complex-plane analysis, whereas (7) or (8) are often used for numerical computation).
The scattered Green's dyadics can be obtained by enforcing the usual electromagnetic boundary conditions
where J s e (A/m) and J s m (V/m) are electric and magnetic surface currents on the boundary, E 2 , H 2 are the fields infinitely close to the boundary on the side into which n, the unit vector normal to the interface, is directed, and E 1 , H 1 are the corresponding fields infinitely close to the interface on the opposite side. For graphene in the absence of a magnetic field and associated Hall effect conductivity, conductance σ is a scalar. Therefore,
and (11) becomes
Using (1), the boundary conditions on the Hertzian potential at (x, 0, z) are
In the absence of magnetic contrast (e.g., if M = 1) and surface conductance (e.g., if σ = 0), boundary conditions (18)- (21) are identical to the Hertzian potential boundary conditions presented [12] . The presence of non-zero surface conductance clearly results in a substantial change in the boundary conditions and resulting solution, which is the focus of this work.
Enforcing (18)- (21) and following the method described in [12] , the scattered Green's dyadic is found to be
where the Sommerfeld integrals are
β = t, n, c, with
which reduce to the previously known results as σ → 0. The Green's dyadic for region 2, g s 2 (r, r ′ ), has the same form as for region 1 (i.e., (22) ), although in (23)- (25) the replacement
must be made, where
Relations (1)- (10), and (22)-(32) provide the exact solution for the electromagnetic field due to a current in region 1 (y ≥ 0); the only assumptions are that the graphene surface is infinite in extent, and is described by a surface conductance σ. As in the case of a simple dielectric interface, the denominators Z H,E = Z H,E (k ρ ) implicate pole singularities in the spectral plane associated with surface wave phenomena. Furthermore, both waveparameters p n = k 2 ρ − k 2 n , n = 1, 2, lead to branch points at k ρ = ±k n , and thus the k ρ -plane is a four-sheeted Riemann surface. The standard hyperbolic branch cuts [11] that separate the one proper sheet (where Re (p n ) > 0, such that the radiation condition as |y| → ∞ is satisfied) and the three improper sheets (where Re (p n ) < 0) are the same as in the absence of surface conductance σ.
In addition to representing the exact field from a given current, several interesting electromagnetic aspects of graphene can be obtained from the above relations.
A. Plane-Wave Reflection and Transmission Coefficients
Normal incidence plane-wave reflection and transmission coefficients can be obtained from the previous formulation by
where α = x or y, r 0 = yy 0 , and where y 0 ≫ 0. This current leads to a unit-amplitude, α-polarized, transverse electromagnetic plane wave, normally-incident on the interface. The far scattered field in region 1, which is the reflected field, can be obtained by evaluating the spectral integral, e.g., (25), using the method of steepest descents, which leads to the reflected field E r = αΓe −jk1y , where Γ = R t (k ρ = 0). In a similar manner, the far scattered field in region 2, the transmitted field, is obtained as E t = αT e jk2y , where T = (1 + Γ). Therefore,
where η n = µ n /ε n is the wave impedance in region n. The plane-wave reflection and transmission coefficients obviously reduce to the correct results for σ = 0, and in the limit σ → ∞, Γ → −1 and T → 0 as expected.
In the special case ε 1 = ε 2 = ε 0 and µ 1 = µ 2 = µ 0 ,
where η 0 = µ 0 /ε 0 ≃ 377 ohms. Large reflections are obtained for ση 0 /2 ≫ 1. Reasonable values of σ for graphene are discussed below, but assuming that σ is in the range 10 −4 , 10 −2 S, and since η 0 ≃ 377 ohms, then ση 0 /2 is in the range (0.019, 1.9). Therefore, Γ is in the range 1.9 × 10 −2 , 0.66 .
B. Surface Waves Guided by Graphene
As is well known in layered-medium electromagnetics, pole singularities in the Sommerfeld integrals represent discrete surface waves guided by the medium [10] - [11] . Surface-wave guidance at an ordinary dielectric interface (σ = 0) has been well-studied [13] - [15] , [11] , and so here we will concentrate on the effect of the graphene. From (26)-(28) and (30)-(32), the dispersion equation for surface waves that are transverseelectric (TE) to the propagation direction ρ (also known as H-waves) is
whereas for transverse-magnetic (TM) waves (E-waves),
1) Transverse-Electric Surface Waves:
Noting that p 
and the term e −p1y leads to exponential decay away from the surface on the proper sheet (Re (p n ) > 0).
Considering the special case of graphene in free-space (or, more practically, on a nearly transparent substrate), setting ε
If σ is real-valued and (ση 0 /2) 2 < 1, then a fast propagating mode exists, and if (ση 0 /2) 2 > 1 the wave is either purely attenuating or growing in the radial direction. However, in both cases p n = p 0 = k sw ρ 2 − k 2 0 = jγ 0 (in fact, from (37) p 0 = −jσωµ 0 /2), and so Re (p 0 ) > 0 is violated. Therefore, for isolated graphene with σ real-valued, all TE modes are on the improper Riemann sheet.
If the conductance is pure imaginary, σ = jσ i , then k sw ρ > k 0 and a slow wave exists. Since p 0 = −jσωµ 0 /2 = σ i ωµ 0 /2, if σ i > 0 then Re (p 0 ) > 0 and the wave is a slow surface wave on the proper sheet. However, if σ i < 0 the mode is exponentially growing in the vertical direction, and is a leaky wave on the improper sheet.
For σ = σ r + jσ i ,
and therefore if σ i < 0 the mode is on the improper sheet, whereas if σ i > 0 a surface wave on the proper sheet is obtained. In general, only modes on the proper sheet directly result in physical wave phenomena, although leaky modes on the improper sheet can be used to approximate parts of the spectrum, and to explain certain radiation phenomena [16] .
2) Transverse-Magnetic Surface Waves: TM waves are governed by the dispersion equation (38). For general material parameters this relation is more complicated then for the TE case, and so here we concentrate on the transparent substrate case ε 
If σ is real-valued then Re (p 1 ) > 0 is violated, and TM modes are on the improper Riemann sheet. If conductance is pure imaginary, σ = jσ i , then k sw ρ > k 0 and a slow wave exists. Since p 0 = −2k 0 /σ i η 0 , if σ i > 0 then Re (p 0 ) < 0 and the wave is on the improper sheet, and if σ i < 0 the mode is a slow surface wave on the proper sheet. For σ = σ r + jσ i ,
and therefore if σ i < 0 the mode is a surface wave on the proper sheet, whereas if σ i > 0 the mode is on the improper sheet. In summary, for isolated graphene (i.e., graphene on a transparent substrate) characterized by σ = σ r + jσ i , a proper TE surface wave exists if σ i > 0, resulting in the radial wavenumber (44), and a proper TM surface wave with wavenumber (46) is obtained for σ i < 0.
The conductance of graphene has been considered in several recent works [17] - [21] . In these theoretical studies, for pure graphene at low temperatures there is some variation in the predicted value of conductance, although all methods predict surface conductance on the order of the conductance quantum, 2e
2 /h, where e is the charge of an electron and h is Planck's constant. The minimum conductance measured in [6] (for temperatures less then approximately 100 K) was
and so we will take this as the low-temperature, pure sample value. In this case no guided surface-wave propagation is possible. Note that this only refers to wave-propagation effects; dc or low-frequency transport between electrodes can occur, leading to electronic device possibilities. In fact, in devices not based on wave phenomena, the absence of surface waves is usually beneficial, as spurious radiation and coupling effects, and the associated degradation of device performance, are often associated with surface wave excitation. At higher temperatures we will take the conductance of graphene to be
where k B is Boltzmann's constant, ℏ is the reduced Planck's constant, and where ν = τ −1 is a phenomenological relaxation frequency (τ being the relaxation time), which accounts approximately for electron-phonon and other scattering phenomena. This intraband conductance relation was first derived in [22] for graphite (with the addition of a factor to account for the interlayer separation between graphene planes), and corresponds to the intraband conductance of a single-wall carbon nanotube in the limit of infinite radius [23] (for planar infinite graphene, see also, e.g., [21] ). This form ignores interband contributions, and is limited to frequencies in the far-infrared and below.
Obviously, for ω ≪ ν the conductance (49) is real-valued, and for ω ≫ ν the conductance is imaginary and negative. Fig. 2 shows a plot of the room temperature conductance (49)
in mS as a function of frequency for τ = 3 ps, which is appropriate for graphene (values of τ on the order of a few ps are typical [24] , and 4 ps was measured at room temperature in graphene [4] ). It can be seen that the imaginary part is negative, and not too small, over an intermittent range of frequencies (between 1 and 1000 GHz), and therefore in this frequency range proper TM surface waves will be excited on graphene. The field distribution, including the amplitude, is given by (42) in conjunction with (1)- (5). For example, the electric field at the interface due y = 0 to the surface wave excited by a Hertzian dipole current for the TM mode is also shown in Fig. 2 , where it can be seen that it is a fast (k sw ρ /k 0 is slightly less then unity) low-loss mode in the lower frequency range. However, when graphene resides on an ordinary dielectric, the TM mode becomes highly lossy. Fig. 3 shows the TM surface wave propagation constant k sw ρ versus relative substrate dielectric constant ε r 2 , with ε r 1 = µ r 1 = µ r 2 = 1. The result is obtained by a numerical root search of (38) at f = 10 GHz, where σ = 12.2 − j2.3 mS from (49). It can be seen that the TM mode on graphene deposited on a substrate such as silicon (ε r ≃ 11.7) or Si0 2 (ε r ≃ 3.9) results in a highly lossy surface wave. This is due to the fact that as ε r 2 is increased the tangential fields increase, which are sensitive to conductance loss (i.e., the real part of σ). 
III. CONCLUSIONS
An exact solution has been obtained for the electromagnetic field due to an electric current near graphene located at the interface between two dielectrics. The graphene is modeled as an infinitely-thin surface characterized by a surface conductance. Dyadic Green's functions have been presented in terms of Sommerfeld integrals, the solution of plane-wave reflection and transmission coefficients has been considered, and surface wave excitation and propagation on graphene has been discussed. For graphene characterized by a complex surface conductance σ = σ r + jσ i on a transparent substrate, a proper TE surface wave exists if and only if σ i > 0, and a proper TM surface wave exists for σ i < 0.
